— — Limesy
Limesy
Mé&jme {a;, }nen. Definujme posloupnosti {b }ren, {ck bren:
b = sup{a, : n >k, n € N}

¢ = inf{a, :n >k, n € N}

Pozorovani:

cr < ap < b Vk e N

{bk }ren je nerostouci = 3 lim by

k—oo

{¢k }ren je neklesajici = 3 lim ¢

k—oo

Limes superior

def lim b, limbg € R
limsupa, = <{ k—oo . )
n—00 +o0 {a,} je shora neomezena
Limes inferior
def [ lim ¢ limep € R
liminfa, = < k- ) ,
n—oo —00 {an} je zdola neomezend
Priklad:
(i) a,=(-1)", liminfa, = —1, limsupa, =1

(i) a, =1/n? liminfa, = limsupa, = lima, =0

Poznamky:

(i) Narozdil od limity, kterd nemusi existovat, liminf a,, a limsup a,, existuji vzdy.

(ii) liminfa, <limsupa,

VETA 10 (o vztahu limity, suprema a limes inferior):

lim a,, = A € R* < limsupa,, = liminfa, = A € R*

n—oo n—00 n—oo

DUKAZ:

“<:”
Vime: Vk € N: ¢ < ap < by

2 policajti ..
POEM lim a,=A

k—o0

lim ¢, = klim by =A€R"

k—o0
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(i) Necht A € R:
Zvol € > 0. Potom dng takové, ze Vn > ng:

la, — Al < e

A_ESGnSA‘i‘E
A_ggcngangbnSA_Fg
0<b, —c, <2 (VYn > ng)

= lim (b, —¢,) =0= lim b, = lim ¢,
n—oo n—oo n—oo

(ii) Necht A = +o0:
Pak {a,} je shora neomezena.

limsup a,, =+

n—oo

Zvolime K € R. Pak dng e N, Vn>ng: a, > K.

inf {a,} > K =c¢p, > K

n>ngo
Protoze {cx} je neklesajici, mame Vn > ng: ¢, > K.

lim ¢, = 400
n—oo

(iii) Necht A = —oo: analogicky.

Cviceni:

Dokazte:

liminf a,, + liminf b,, < liminf(a, + b,) < limsup(a, + b,) < limsup a,, + lim sup b,
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